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System and Disturbance Identi� cation for Feedforward
and Feedback Control Applications

Neil E. Goodzeit¤ and Minh Q. Phan†

Princeton University, Princeton, New Jersey 08544

This paper examines the problem of system identi� cation in the presence of unknown disturbances. Speci� cally,
we consider the case where the disturbance effect on the output is modeled explicitly and variousways to separate it
from the system disturbance-free dynamics. Available for identi� cation are the excitation signals and the resultant
responses, which may be corrupted by unknown and possibly dominating disturbances. We assume that no actual
measurement of the disturbances themselves is available for identi� cation. The case where the disturbance pro� le
is unknown and may be quite complicated, but its period is known, is considered � rst. Next, we consider the
case where the disturbance frequencies are known only approximately, and a procedure is applied to iteratively
re� ne the estimation of the disturbance frequencies for successful system identi� cation. Finally, we examine the
situationwhere the unknowndisturbance is nonperiodic.The identi� cation produces results that can be used for the
synthesis of feedforward and feedback control to cancel the disturbance effect. Both simulation and experimental
results will be used for illustration. The simulation is carried out with a model of a communications satellite, and
the experimental results are obtained from a � exible truss structure. A companion paper addresses the system
identi� cation problem where the disturbance effect is modeled implicitly.

Introduction

T HE control problem of rejecting unwanted disturbance has
many applications in electrical, mechanical, aerospace, and

acoustic systems. Many methods have been developed to treat this
problem. If both the plant and disturbance frequencies are known,
classical feedback control approaches call for the design of � lters
with high gain at the disturbance frequencies to produce corre-
sponding zeros in the closed-loop transfer function relating the dis-
turbances to the system response. The closed-loop system is then
capable of rejecting the unwanted disturbances at the designed fre-
quencies. One such design is included in the attitude control sys-
tems of the INMARSAT III and INTELSAT VIII spacecraft.1 Re-
jection of sinusoidal disturbances can also be achieved using the
frequency-shapedcost functionalmethod.2 This is an adaptationof
linear quadratic Gaussian (LQG) design methods that determines
the control necessary to minimize a cost function expressed in the
frequency domain. The cost function penalizes the response at the
known disturbance frequencies, resulting in high gain feedback
at these frequencies. Another method for disturbance rejection is
known as disturbanceaccommodationcontrol or, as it is sometimes
called, disturbancemodeling or disturbanceestimation.3 It assumes
an effective disturbance input at the control input location that has
the same effect at the output as the actual disturbance. The same
harmonic disturbance can be modeled as marginally stable modes
and appended to the state-space model of the plant. An observer is
designed to estimate the plant states together with the disturbance
from which the control signal is computed. The disturbance ob-
server approach also assumes an equivalent effective disturbanceat
the control input, but it uses an inverse plant model to estimate this
disturbance for control.4 Repetitive control is another approach to
reject periodic disturbancewhere the tracking error observed in the
previous periods is used to correct the control signal for the cur-
rent period.5,6 Adaptive control can be used to cancel the effects
of unknown sinusoidal or periodic disturbance through the use of
a suf� ciently overparameterizedmodel so that the disturbance dy-
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namics can be entirely absorbed in the identi� ed model.7 With the
disturbance embedded in the model, based on the internal model
principle the resulting feedback control has in� nite open-loop gain
at the disturbance frequencies and achieves complete cancellation.
The � ltered-X least mean squares is another well-known distur-
bance rejection method.8 This method requires measurement of a
disturbance-correlated signal, and together with an assumed model
of the system it adaptively tunes the coef� cients of a � nite impulse
response � lter driven by a disturbance-correlated reference signal
to achieve disturbance cancellation.Adaptive inverse control com-
bines adaptive feedforward techniques for command or model fol-
lowing and adaptivefeedback techniquesfor disturbancerejection.9

Arti� cial neural networks can also be used to provide disturbance
rejectioncontrol.10 Neural networks are used to identify the dynam-
ics from thedisturbancesources,and the controlinputs to the system
outputs and adapts the control signals for disturbance cancellation.

Insteadof treating the disturbance-rejectionproblem from a con-
trol system synthesis standpoint, we address the problem from a
system identi� cation perspective. The research � rst focuses on the
system identi� cation problem in the presence of unknown distur-
bance inputs, and then uses the identi� cation results to solve the re-
lated disturbance-rejection control problem. We assume no a priori
knowledge of the system and no actual measurement of the dis-
turbance input. Rather than calculating the actual disturbances,we
identify their effect on the system output. As a result, the number of
disturbancesor where they enter the system is unimportant.Unlike
adaptive � ltering or neural network approaches, we do not require
a disturbance-correlated reference signal or need to determine the
transfer function relating the disturbances to the system response.
We assume that the only data available are the excitation at the
control excitation inputs and the disturbance-corrupted response.

Speci� cally, we consider the situation where the disturbance ef-
fect on the system output is modeled explicitly and examine vari-
ous ways to separate it from the system disturbance-freedynamics
without actually knowing the disturbance input itself. The situation
where the disturbanceeffect is modeled implicitly is investigatedin
Ref. 11. The following cases are considered in this paper. First, the
actualpro� le of a periodicdisturbanceis unknownand may be quite
complicated, but its period is known. This information can often be
known or experimentally determined, especially in high-precision
computer-controlled processes. For example, a spacecraft may be
subject to periodicdisturbancearisingfrom repetitive thruster � ring
for orbit control or from scanning payloads. Here the thrusters are
commanded to � re preciselyat regular predeterminedintervals,and
in the case of scanning payloads the period of the scanning motion
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is known and maintainedvery preciselyby digital signal processors.
Although the actual disturbance pro� le that the scanner imparts on
the spacecraft is not known, its scanning period is known. As an-
other example, in the timing belt drive system of high-precision
color imaging equipment, an index pulse is used to signal the dura-
tionof each repetitivecyclefromwhich the periodof thedisturbance
source is determined.12 If the disturbance period is known or can
be measured, we will show that it is possible to identify the sys-
tem and the disturbance effect directly without any need to resolve
the disturbance pro� le into its constitutive harmonic components.
This is particularly convenient if the disturbance pro� le is compli-
cated, and hence its spectral content is rich. Second, we consider the
case where the disturbanceperiod and its harmonic componentsare
only known approximately.A simple procedureis used to iteratively
estimate the individual disturbance frequencies for successful sys-
tem identi� cation. Third, we examine the extreme case where the
unknown disturbance is nonperiodic.This makes the identi� cation
problem mathematically ill-posed,and we will study how to handle
such a situation. Both simulation and experimental results will be
provided to illustrate the developed procedures.

Mathematical Formulation
We start by showing the basic dif� culties associated with the

separation of the system dynamics from the effect of the unknown
disturbances.The limitationsthat are apparentfrom this preliminary
analysis motivate the subsequent development of a solution to the
identi� cation problem.

System and Disturbance Identi� cation from Steady-State Data
The system to be identi� ed and controlled is assumed to be rep-

resentable by a linear discrete-time state-space model

x(k + 1) = Ax (k) + Bu(k) + Bd d(k), y(k) = Cx(k) (1)

Y = [C B C AB ¢ ¢ ¢ C Aps ¡ 1 B yd ( ps) yd ( ps + 1) ¢ ¢ ¢ yd ( ps + N ¡ 1)] (7)

y = [y( ps) y( ps + 1) ¢ ¢ ¢ y( ps + ` ¡ 1)] (8)

V =

é
êêêêêêêêêêêë

u( ps ¡ 1) u( ps) ¢ ¢ ¢ u( ps + N ¡ 2) u( ps + N ¡ 1) u( ps + N ) ¢ ¢ ¢ u( ps + ` ¡ 2)

u( ps ¡ 2) u( ps ¡ 1) ¢ ¢ ¢ u( ps + N ¡ 3) u( ps + N ¡ 2) u( ps + N ¡ 1) ¢ ¢ ¢ u( ps + ` ¡ 3)
...

...
...

...
...

...

u(0) u(1) ¢ ¢ ¢ u(N ¡ 1) u(N ) u(N + 1) ¢ ¢ ¢ u(` ¡ 1)

1 0 ¢ ¢ ¢ 0 1 0 ¢ ¢ ¢ ¢ ¢ ¢
0 1 ¢ ¢ ¢ 0 0 1 ¢ ¢ ¢ ¢ ¢ ¢
...

...
. . .

...
...

...
. . .

0 0 ¢ ¢ ¢ 1 0 0 ¢ ¢ ¢ ¢ ¢ ¢

ùúúúúúúúúúúúû

(9)

where x(k) is an n £ 1 state vector, u(k) is the m £ 1 control and
excitation vector, y(k) is the q £ 1 output vector, and k is the time
step. The vector d(k) represents the unknown disturbance inputs.
The matrices A, B, C, Bd , and the state vector’s exact dimension
n are unknown. Only measurements of the input u(k) and system
response y(k) are available for identi� cation and control. Starting
with Eq. (1), the system responseat any time step k can be written as

y(k) = C Ak x(0) + C Bu(k ¡ 1) + C ABu(k ¡ 2) + ¢ ¢ ¢

+ C Ak ¡ 1 Bu(0) + yd (k) (2)

where yd (k) de� nes the contribution of the disturbance on the sys-
tem output

yd (k) = C Bd d(k ¡ 1) + C ABdd(k ¡ 2) + ¢ ¢ ¢ + C Ak ¡ 1 Bd d(0)

(3)

The overall response consists of the effect of the initial condi-
tion, the excitation input, and the disturbance input. At issue is
whether or not these individual contributions can be separated
using data consisting of the excitation input and disturbance-
corrupted data only. From the point of view of state-space system
identi� cation, the goal is to identify the system Markov parame-
ters (C B, C AB, . . . , C Ak ¡ 1 B, . . .). The Markov parameters com-
pletely describe the system (disturbance-free) input-outputdynam-
ics because they are its unit pulse response samples from which a
state-space representation of the system can be constructed. From
Eq. (2) it is not immediately obvious that the identi� cation can be
carried out in general becauseboth the initial condition and the dis-
turbance input are unknown.However, for the moment, we consider
asymptotically stable systems so that in the steady-state the initial
condition response can be neglected, the disturbance response be-
comes periodic with a common period N , and the sequence of sys-
tem Markov parameters can be truncated after a � nite number of
terms, say ps . Thus, in the steady state

y(k) ¼ C Bu(k ¡ 1) + C ABu(k ¡ 2) + ¢ ¢ ¢

+ C Aps ¡ 1 Bu(k ¡ ps) + yd (k), k ¸ ps (4)

yd (k) ¼ C Bd d(k ¡ 1) + C ABdd(k ¡ 2) + ¢ ¢ ¢

+ C Aps ¡ 1 Bdd(k ¡ ps ), k ¸ ps (5)

If the common period N is known, then with a suf� cient amount
of steady-state data, the system Markov parameters and the distur-
bance responsecan be easily separated,provided that the excitation
is suf� ciently rich so that V is full row rank:

Y = yV T (V V T ) ¡ 1 (6)

where

Although straightforward, the described procedure has several
major limitations.For lightly damped systems (e.g., spacecraftwith
� exible appendages), the number of Markov parameters needed to
model the system is very large. Even after reaching steady state,
a large amount of additional data would be needed to identify the
Markovparametersand disturbanceresponse.These limitationscan
be overcome if a mechanism can be found so that such reliance on
steady-state data and on the system actual damping can be elimi-
nated. Indeed, this is possible as shown in the following develop-
ment.

System and Disturbance Identi� cation via an Implicit Observer
For lightly damped systems the Markov parameter model of

Eq. (4) is cumbersome because it calculates a one-step-ahead re-
sponse predictionusinga potentiallyunlimitednumberof past input
values. A more ef� cient approach is to base the response prediction
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on both past input and past output values. This can be done by
manipulating Eq. (1) as follows:

x(k + 1) = Ax(k) + Bu(k) + Bd d(k) + My(k) ¡ My(k)

= (A + MC)x(k) + Bu(k) ¡ My(k) + Bdd(k) (10)

De� ning

Ā = A + MC, B̄ = [B, ¡ M], v(k) = [ u(k)

y(k) ]
we have a counterpart to Eq. (1):

x(k + 1) = Āx (k) + B̄v(k) + Bdd(k), y(k) = Cx(k) (11)

which produces the counterparts to Eqs. (2) and (3):

y(k) = C Āk x(0) + C Bv(k ¡ 1) + C ĀBv(k ¡ 2) + ¢ ¢ ¢

+ C Āk ¡ 1 Bv(0) + g (k) (12)

g (k) = C Bdd(k ¡ 1) + C ĀBd d(k ¡ 2) + ¢ ¢ ¢ + C Āk ¡ 1 Bdd(0)

(13)

Up to this point, the matrix M is arbitrary. Now it will be used to
our advantage by making Ā into a nilpotent matrix,

Ā p = (A + MC ) p ´ 0 (14)

so that Eqs. (12) and (13) become

y(k) = C B̄v(k ¡ 1) + C ĀB̄v(k ¡ 2) + ¢ ¢ ¢

+ C Ā p ¡ 1 B̄v(k ¡ p) + g (k), k ¸ p (15)

g (k) = C Bdd(k ¡ 1) + C ĀBd d(k ¡ 2) + ¢ ¢ ¢

+ C Ā p ¡ 1 Bd d(k ¡ p), k ¸ p (16)

In Eq. (15) the term g (k) is referred to as the disturbanceeffect. Let
us now examine the signi� cance of the preceding operation. First,
imposing the condition of Eq. (14) eliminates the explicit depen-
dence on the unknown initial condition x(0). Second, it compresses
a potentially unlimited number of system Markov parameters C B,
C AB, . . . , C Aps ¡ 1 B to a � nite setC B̄ , C ĀB̄, . . . , C Āp ¡ 1 B̄ where
p ¿ ps . In fact, p now depends on the true order of the system and
the number of outputs rather than the stability of the system (the

Ȳ = [C B̄ C ĀB̄ ¢ ¢ ¢ C Āp ¡ 1 B̄ g ( p) g ( p + 1) ¢ ¢ ¢ g ( p + N ¡ 1)] (19)

y = [y( p) y( p + 1) ¢ ¢ ¢ y( p + ` ¡ 1)] (20)

V̄ =

é
êêêêêêêêêêêêë

v( p ¡ 1) v( p) ¢ ¢ ¢ v( p + N ¡ 2) v( p + N ¡ 1) v( p + N ) ¢ ¢ ¢ v( p + ` ¡ 2)

v( p ¡ 2) v( p ¡ 1) ¢ ¢ ¢ v( p + N ¡ 3) v( p + N ¡ 2) v( p + N ¡ 1) ¢ ¢ ¢ v( p + ` ¡ 3)
...

...
...

...
...

...

v(0) v(1) ¢ ¢ ¢ v(N ¡ 1) v(N ) v(N + 1) ¢ ¢ ¢ v(` ¡ 1)

1 0 ¢ ¢ ¢ 0 1 0 ¢ ¢ ¢ ¢ ¢ ¢
0 1 ¢ ¢ ¢ 0 0 1 ¢ ¢ ¢ ¢ ¢ ¢
...

...
. . .

...
...

...
. . .

0 0 ¢ ¢ ¢ 1 0 0 ¢ ¢ ¢ ¢ ¢ ¢

ùúúúúúúúúúúúúû

(21)

selection of p will be discussed later). Third, imposing Eq. (14)
turns the disturbance response yd (k), which becomes periodic only
in the steady state, into g (k), which becomes periodic in exactly
p time steps regardless of the original system dynamics. This is

because g (k) is theactualdisturbanced(k) driventhrougha dynamic
system speci� ed by Ā, Bd , C , with the special property that Āk = 0
for k ¸ p, i.e.,

x(k + 1) = Āx (k) + Bdd(k), g (k) = C x(k) (17)

Fourth, non-steady-statedata can now be used for system identi� -
cation, and because Eq. (14) is an exact relation, the model given
by Eq. (15) is exact. Its earlier counterpart, Eq. (4), is only approx-
imate because of the theoretically nonzero truncation error intro-
duced when the contribution of the initial condition in the steady
state is neglected.

At thispoint severalquestionsarisewith regard to the existenceof
M and p. Note that the combination A + MC has the exact form of
the system matrix of an observerwhere M is an observergain. From
discrete-time observer pole placement theory it is known that such
a matrix M satisfying Eq. (14) places the eigenvalues of A + MC
at the origin in the complex plane and is guaranteed to exist as
long as the pair A, C is observable.This condition is automatically
satis� ed because in system identi� cation only the observable part
of the system can be identi� ed from input-output data. Also, the
condition on p is such that it at least exceeds the minimum value
pmin de� ned to be the smallest integer value such that qpmin ¸ n
(Ref. 13). Although pmin de� nes the minimum value for p, there is
no need to select this minimum value. The advantages of M can be
seen by a simple example. For a single-input single-output system
with a dominant 1 rad/s mode, 0.1% damping, and a 2-Hz sample
rate, 10,000 Markov parameters would be required for Eq. (4) to be
valid with ps =10,000. Now for the model of Eq. (15), pmin =2,
and in theory any p ¸ pmin would suf� ce. The advantageof using p
larger than pmin in the presence of noise will be discussed in a later
section.

The next important question is how the condition in Eq. (14) can
be imposed when A and C are not known. Having justi� ed the ex-
istence of M, the problem is not � nding M given A and C as in the
standardobserverdesignproblem,but rather it is � nding A, C while
simultaneouslyimposing Eq. (14). This can be done by using input-
output data to solve for the combinationsC B̄, C ĀB̄, . . . , C Ā p ¡ 1 B̄
and g (k) subject to the usual conditions that the excitation is suf� -
ciently rich, and the data record is suf� ciently long,

Ȳ = yV̄ T (V̄ V̄ T )+ (18)

where + denotes the pseudoinversecomputedvia the singularvalue
decomposition and

Finally, because the goal of system identi� cation is to recover the
actual system Markov parameters C B, C AB, C A2 B, . . . , not the
parameter combinationsC B̄, C ĀB̄, . . . , C Āp ¡ 1 B̄, one must exam-
ine whether the former sequencecan be recovereduniquelyfrom the
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latter. This can indeed be done as follows. De� ne b k = C Āk ¡ 1 B,
a k = ¡ C Āk ¡ 1 M so that Ȳ (k) = C Āk ¡ 1[B ¡ M] = [b k a k ],
k = 1, 2, . . . , p. By algebraic manipulation a recursive expression
can be derived to calculate an arbitrary number of system Markov
parameters Y (k) = C Ak ¡ 1 B starting with Y (1) = b 1, and

Y (k) = b k +
k ¡ 1

î = 1

a i Y (k ¡ i ), k = 2, 3, . . . , p (22)

Y (k) =
p

î = 1

a i Y (k ¡ i ), k = p + 1, p + 2, . . . (23)

As already mentioned, the system Markov parameters completely
de� ne the dynamics from the control input to the system output.The
system Markov parameters can be factored to produce a minimum-
order state-spacerepresentationfor A, B, C . The analyticalsolution
to this step is exact and straightforward,and the formulas for several
such realizations are given in Ref. 14.

Relationship to a Kalman Filter in the Presence of Noise
In this section we provide further analysis of the precedingoper-

ation by relating it to an optimal Kalman � lter, yielding additional
insights on the role of M and p in the presence of noise. Consider
the case where the original system is contaminated by process and
measurement noise,

x(k + 1) = Ax(k) + Bu(k) + Bd d(k) + w1(k)

y(k) = Cx(k) + w2(k) (24)

where w1(k) also incorporates any random variations in u(k) and
d(k). As usual, the standard assumptions about w1(k) and w2(k)are
made: they are stationary,zero-mean,Gaussian,white, and indepen-
dent. If A is stableand A, C is an observablepair, then the preceding
system admits an optimal steady-state Kalman � lter of the form15

x̂(k + 1) = Ax̂(k) + Bu(k) + Bd d(k) ¡ K e (k)

y(k) = Cx̂(k) + e (k) (25)

The steady-state Kalman � lter gain K depends on the system pa-
rameters and statisticsof the random noise processes.Because d(k)
is not known, it is not possible to implement the precedingKalman
� lter, but for our present purpose we are only interested in the exis-
tence and the structureof the resultant equations.Equation (25) can
be manipulated to yield

x̂(k + 1) = ( A + K C) x̂(k) + Bu(k) ¡ K y(k) + Bdd(k)

y(k) = Cx̂(k) + e (k) (26)

De� ne Ã = A + K C , B̃ = [B, ¡ K ], and p̃ suf� ciently large such
that ( A + K C) p̃ ¼ 0, then fork ¸ p̃ the input-outputformofEq. (26)
takes the form

y(k) ¼ C B̃v(k ¡ 1) + C ÃB̃v(k ¡ 2) + ¢ ¢ ¢

+ C Ã p̃ ¡ 1 B̃v(k ¡ p̃) + ˜g (k) + e (k), k ¸ p̃ (27)

˜g (k) ¼ C Bd d(k ¡ 1) + C ÃBdd(k ¡ 2) + ¢ ¢ ¢

+ C Ã p̃ ¡ 1 Bd d(k ¡ p̃), k ¸ p̃ (28)

Now, observe that Eqs. (27) and (28) have the exact form and in-
ternal structure as Eqs. (15) and (16), except K and p̃ now play the
role of M and p. Thus in the presence of noise, if p is suf� ciently
large such that the transient responseof the associatedKalman � lter

is negligible, the resultant input-output map as given in Eq. (27)
will only be driven by the Kalman � lter residual, which is known
to be white, zero-mean, and uncorrelated with the measurements.
This fact is signi� cant because the least-squares solution as given
in Eq. (18) for such a white-noise contaminated input-output map
is known to be unbiased and consistent; i.e., the covariance of the
estimation error converges to zero as the data length tends to in� n-
ity. In practice, this implies that more accurate identi� cation can be
expectedas p is increased.This resultwill be illustratedusingexper-
imental data. In the absence of noise, there is no Kalman � lter, but
one instead has an observer. The deterministic (noise-free) analysis
can be carriedout similarly revealingthat the matrix M is a deadbeat
observer gain. Equation (10) becomes an observer equation when
x(k) is replaced by x̂(k) and Eq. (14) is satis� ed exactly.

Estimation of System Response to Unknown Disturbances
Note that Eq. (15) is an extension of the standard auto-regressive

model with eXogenousinputmodel to include the disturbanceeffect

y(k) = a 1 y(k ¡ 1) + ¢ ¢ ¢ + a p y(k ¡ p) + b 1u(k ¡ 1) + ¢ ¢ ¢

+ b pu(k ¡ p) + g (k) (29)

In this paper we have establishedthe connectionbetween the coef� -
cientsof this input-outputmodeland thoseof the originalstate-space
model in terms of anobserver(orKalman � lter)gain,and the precise
nature of the disturbance effect term, which is periodic in exactly
p time steps regardless of the system stability. This is in contrast
to the usual connection between the two types of models through
observableor controllablecanonicalrepresentations.Once the coef-
� cients of this model and the disturbanceeffect terms are identi� ed
from disturbance-corrupted data as in Eq. (18), the contribution to
the system response by the unknown periodic disturbances,de� ned
as yd (k) in Eq. (5), can be calculated from

yd (k) = a 1 yd (k ¡ 1) + a 2 yd (k ¡ 2) + ¢ ¢ ¢ + a p yd (k ¡ p) + g (k)

(30)

An estimate of the disturbance response can be obtained by prop-
agating Eq. (30) starting from k = p with yd ( p ¡ 1) = yd ( p ¡ 2) =
¢ ¢ ¢ = yd (0) = 0, using g (k) determinedfromEq. (18). The estimated
disturbance response will match the actual disturbance response
yd (k) in the steady state. Alternatively, making use of the fact that
yd (k) = yd (k + N ) in the steady state, the N samples of the steady-
state response of the system caused by the unknown disturbances
can be solved for directly.

Disturbance Effect Modeling by Basis Functions
The last N rows of V̄ in Eq. (21) can be viewed as orthogonal

basis vectors that can model any arbitrary function of period N ,
whose pro� le may be very complex. If the period of the disturbance
input is known, then this particular formulation is particularly ad-
vantageous because it bypasses the need to resolve the disturbance
into its constitutive harmonic components whose number may be
inconvenientlylarge.This would be the case if the disturbanceshave
many sharp jumps or discontinuities.

If, however, the disturbancescontain only a small number of fre-
quencies, then the dimension of this basis is unnecessarily large. A
more ef� cient approach is to model one period of g (k) by a num-
ber of basis vectors, say L, where L ¿ N . This reduces the number
of unknowns and the data required. Basis vectors can be generated
using any sequence of orthogonal functions,e.g., sines and cosines,
orthogonal polynomials, wavelets, etc., with the best choice de-
pending on the characteristics of the disturbance waveform. Let
u i (k) denote the basis vectors with the associated coef� cients c i ,
i = 1, 2, . . . , L . In terms of these basis vectors, g (k) can be approx-
imated by g (k) ¼ c 1 u 1(k ¡ p) + ¢ ¢ ¢ + c L u L (k ¡ p), k ¸ p. Using
this expression, Ȳ can now be determined from Eq. (18), where

Ȳ = [C B̄ C Ā B̄ ¢ ¢ ¢ C Āp ¡ 1 B̄ c 1 c 2 ¢ ¢ ¢ c L] (31)
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V̄ =

é
êêêêêêêêêêêêë

v( p ¡ 1) v( p) ¢ ¢ ¢ v( p + N ¡ 2) v( p + N ¡ 1) v( p + N ) ¢ ¢ ¢ v( p + ` ¡ 2)

v( p ¡ 2) v( p ¡ 1) ¢ ¢ ¢ v( p + N ¡ 3) v( p + N ¡ 2) v( p + N ¡ 1) ¢ ¢ ¢ v( p + ` ¡ 3)
...

...
...

...
...

...

v(0) v(1) ¢ ¢ ¢ v(N ¡ 1) v(N ) v(N + 1) ¢ ¢ ¢ v(` ¡ 1)

u 1(0) u 1(1) ¢ ¢ ¢ u 1(N ¡ 1) u 1(0) u 1(1) ¢ ¢ ¢ ¢ ¢ ¢
u 2(0) u 2(1) ¢ ¢ ¢ u 2(N ¡ 1) u 2(0) u 2(1) ¢ ¢ ¢ ¢ ¢ ¢

...
... ¢ ¢ ¢

...
...

... ¢ ¢ ¢ ¢ ¢ ¢
u L (0) u L (1) ¢ ¢ ¢ u L (N ¡ 1) u L(0) u L(1) ¢ ¢ ¢ ¢ ¢ ¢

ùúúúúúúúúúúúúû

(32)

Identi� cation with Uncertain Disturbance Frequencies
Another case of interest occurs when the constitutivedisturbance

frequencies (hence its common period) are known only approxi-
mately. By using the basis function concepts, it is possible to de-
termine these disturbance frequencies iteratively. In the following
we describe a simple procedure for a single disturbance frequency.
Generalizationto multiple disturbance frequencieswill be obvious.
For a periodic disturbance appropriate basis functions are the sine
and cosine functions.Let x 1 and x 2 denote lower and upper bounds
on the actual disturbance frequency, i.e., x 1 · x · x 2. We select
S distinct frequencies during the prescribed intervals from which
2S basis functions (one sine and one cosine for each frequency)
associated with these frequencies are generated. The identi� cation
of the corresponding coef� cients describing the disturbance effect
can be carried out where V̄ now assumes the form

V̄ =

é
êêêêêêêêêêêë

v( p ¡ 1) v( p) ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ v( p + ` ¡ 2)
v( p ¡ 2) v( p ¡ 1) ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ v( p + ` ¡ 3)

...
...

...
...

v(0) v(1) ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ v(` ¡ 1)

w 1(0) w 1(1) ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ w 1(` ¡ 1)

w 2(0) w 2(1) ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ w 2(` ¡ 1)
...

... ¢ ¢ ¢
... ¢ ¢ ¢ ¢ ¢ ¢

w S (0) w S(1) ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ w S (` ¡ 1)

ùúúúúúúúúúúúû
(33)

where w i (k) = [sin( x i k D t ), cos( x i k D t)]T , i = 1, 2, . . . , S, and
D t is the sampling interval. Because the system dynamics is pri-
marily absorbed by the coef� cients a i and b i , i = 1, 2, . . . , p, and
the disturbance effect by the disturbance model, the coef� cients of
the basis vectors whose frequencies are closer to the true distur-
bance frequencies, will be larger. This information can be used to
improve the estimates further until the desired accuracy is achieved.
Typically, only a few iterations are needed. This procedure will be
illustrated on actual experimental data later in the paper.

Identi� cation in the Presence of Nonperiodic Disturbances
Another interesting application of the basis function approach is

that it allows the removal of the effect of certain nonperiodic and
unknown disturbances corrupting the measured system response.
Identi� cation in the presence of unknown and nonperiodic distur-
bances (except the case of random noise) is an ill-posed problem.
Therefore, it is not expected in general that the system can still be
identi� ed correctly in this case. However, if the nonperiodic distur-
bance effect can be modeled by a set of basis functions, then it is
possible to separate the system dynamics from that of the distur-
bance. Similarly, if the output is corrupted by a time-varying sensor
bias, this bias can be removed as well. Suitable basis functions that
can be used to model a nonperiodic signal include the Legendre’s
polynomials, wavelets, or others. The wavelets tend to be a better
choice because they have compact support and they do not suffer
from endpoint conditions as do the Legendre’s polynomials. The
identi� cation using any of these nonperiodicbasis functions can be
carriedout similarlyas before.The matrix V̄ assumes the same form
as that given in Eq. (33), except the sine and cosine basis functions

are now replaced by these nonperiodicbasis functions.An example
will be presented to illustrate the applicability of this approach to
removea dominant time-varyingsensor bias on actual experimental
data.

Feedforward Control for Periodic Disturbance Cancellation
The system identi� cation emphasis helps simplify the control

problem. No measurements of the actual disturbances d(k) or the
transfer functions relating the disturbances to the system response
areneeded.FromEq. (29) the feedforwardcontrolu f (k) thatcancels
the system response caused by the disturbances in the steady state
must satisfy

b 1u f (k ¡ 1) + b 2u f (k ¡ 2) + ¢ ¢ ¢ + b pu f (k ¡ p) + g (k) = 0 (34)

There are three ways to solve for the feedforwardcontrol signal that
cancel the disturbance effect on the system output. Here we outline
the key elements of each approach.

First, the simplest approach is to propagate Eq. (34) recursively
forward in time, and in the steady state the needed feedforward
control signal is obtained. This approach, however, is not suitable
for non-minimum-phasesystems (or identi� cation models) because
such a recursion will cause u f (k) to grow unbounded.Second, this
problem can be bypassed by using the knowledge that the control
signal needed to cancel a periodic disturbance is also a periodic
signal of the same period u f (k) =u f (k + N ), where N is either
known or determined experimentally.Using this periodicity condi-
tion togetherwith Eq. (34), the N discretevalues of the feedforward
controlsignalcan be solvedfor directly.16 Third,when thereare only
a small number of disturbance frequencies, the form of the feedfor-
ward control can be imposed a priori,

u f (k) =
n f

î = 1

G i sin( x i k D t ) + Hi cos( x i k D t ) (35)

where n f is the number of disturbance frequencies. Substituting
Eq. (35) into Eq. (34), the coef� cients de� ning the feedforward
control signal can be easily computed.The � rst approach is suitable
for minimum-phase systems or identi� cation models. The second
approach is suitable if the common disturbance period is known or
can be determined. This approach bypasses the need to resolve the
disturbance frequencies, and its computational cost is independent
of the complexities of the periodic disturbance pro� le. The third
approach is suitable if one wishes to reject a speci� c number of
disturbance frequencies. Both the second and third approaches are
suitablefornon-minimum-phasesystemsbecausethe imposed form
of the solution prevents the control from growing unbounded, and
either by a batch type or recursive solution technique can be used.
Whether a feedforward control signal exists that can exactly cancel
the disturbancedependson several factors. If the disturbancecauses
the output to have a frequency component at which the control
inputhas no in� uence (e.g., the input-outputtransferfunctionequals
zero at this frequency), then this component cannot be canceled by
feedforwardcontrol. In addition,provided the control can in� uence
the system output, if the number of independent inputs is equal to
or greater than the number of outputs, then a feedforward control
exists that exactly cancels the disturbance response. Otherwise, a
perfect cancellation is in general not possible.
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Fig. 1 Flexible truss structure.

Combined Feedforward and Feedback Control
To provide additional attenuation of the disturbance effect when

feedforwardcontrolis imperfect,feedbackcontrolcanbeused.Note
that the identi� cation also yields information needed to design a
feedbackcontroller.One approach is to developa state-spacemodel
from the system Markov parameters given by Eqs. (22) and (23)
and then design a suitable state-space controller.Another approach
is to design a controller from the identi� ed input-output model di-
rectly. Although the system dynamics is modi� ed by the feedback
control, the feedforward control signal needed to cancel the steady-
state effect of the disturbance remains unchanged. The two types
of control signals can be determined independently and applied si-
multaneously without affecting one another. This can be shown as
follows. Let u(k) denote the sum of the feedforward and feedback
control signals u(k) = u f (k) + ub(k), then Eq. (29) becomes

y(k) = a 1 y(k ¡ 1) + ¢ ¢ ¢ + a p y(k ¡ p) + b 1ub(k ¡ 1) + ¢ ¢ ¢

+ b pub(k ¡ p) + b 1u f (k ¡ 1) + ¢ ¢ ¢ + b pu f (k ¡ p) + g (k)

(36)

With the feedforward control determined from Eq. (34), Eq. (36)
becomes

y(k) = a 1 y(k ¡ 1) + ¢ ¢ ¢ + a p y(k ¡ p)

+ b 1ub(k ¡ 1) + ¢ ¢ ¢ + b pub(k ¡ p) (37)

Therefore,with the feedforwardcontrol satisfyingEq. (34), the sys-
tem behaves as if the disturbances were not present regardless of
the method used to compute the feedback control ub(k).

Illustrative Examples
Both experimental and simulation results are provided to illus-

trate the system identi� cation, disturbance modeling, and distur-
bance rejectionapproachas just presented.The experimentalresults
are obtained from a � exible truss structure at Princeton University
(Fig. 1). The acceleration response, measured at one end of the
structure, is � ltered to remove sensor drift resulting in a velocity
representativesignal for identi� cation and control. The disturbance
is generatedby a proof-massactuatorin closeproximity to theaccel-
erationsensor.The controlis appliedbyanotherproof-massactuator
located at the other end of the structure. This con� guration allows
direct coupling of the disturbance to the sensor while the control
actuator is located far away from the sensor, making the identi� -
cation and control problem more dif� cult. The simulation result is
presented to illustrate how the method may be applicable to the
identi� cation and control of a modern communicationssatellite.

Fig. 2 Disturbance-corrupted response.

System Identi� cation in the Presence of Periodic Disturbances
For identi� cation purposes a random excitation signal is in-

jected through the control actuator while the disturbance is act-
ing. Figure 2 shows the resulting disturbance-corrupted system re-
sponse. With this excitation and response data we wish to isolate
the true excitation-to-outputdynamics from that inducedby the dis-
turbance. The disturbance consists of two frequency components
producinga dominant effect on the system response.The identi� ca-
tion was performed using 2128 input-output data points (sampling
period of 0.006 s). A basis of 50 orthogonal sines and cosines from
12 to 16 Hz bracketingthe � rst disturbancefrequencywith a spacing
of 0.0814 Hz is used with p =80. Examining the norms of the basis
vector coef� cients, the � rst disturbance frequency is determined to
lie between 13.87 and 13.95 Hz because these frequencieshave the
largestcoef� cients.To re� ne the frequencyestimate, a second itera-
tion is performed using vectors at these two bracketing frequencies
with one inserted in between to produce an estimate of 13.953 Hz
corresponding to the largest coef� cient in this iteration. This value
is within 0.015% of the true frequency of 13.951 Hz (this value is
chosen intentionally so that no basis vectors coincide with the dis-
turbance frequency). The second disturbance frequency is detected
simultaneously with the � rst and is found to be 27.914 Hz, within
0.05% of the true frequency of 27.902 Hz. Further iterations could
beusedfor betterfrequencyestimates,but it is notnecessarybecause
this accuracy is adequate for successful identi� cation and control.

To verify that the identi� cation model obtainedwith disturbance-
corrupteddata is valid, its pulse responseis comparedagainst that of
a reference model identi� ed from data with the disturbance source
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Table 1 Identi� cation results with various values of p

p = 30 p = 50 p = 80 Reference valuesa

System Frequency, Damping Frequency, Damping Frequency, Damping Frequency, Damping
mode Hz ratio Hz ratio Hz ratio Hz ratio

1 7.52 0.0898 7.51 0.0593 7.34 0.0291 7.30 0.0278
2 13.59 0.0121 13.49 0.0102 13.51 0.0083 13.50 0.0086
3 17.54 0.0110 17.57 0.0091 17.54 0.0077 17.59 0.0077
4 43.57 0.0110 43.76 0.0089 43.78 0.0081 43.91 0.0076
5 48.65 0.0129 48.64 0.0093 48.68 0.0080 48.80 0.0086
6 64.92 0.0143 65.05 0.0144 64.96 0.0135 64.71 0.0123

aThe reference system dynamics is determined from data collected without the disturbance acting.

Fig. 3 Pulse responses identi� ed with and without disturbance acting.

Fig. 4 Identi� ed contribution of disturbance on system response.

turnedoff (Fig.3). The identi� cationresultsalsoallowus to compute
the effect of the disturbance on the overall system response, which
is referred to as yd (k) in the mathematical development (Fig. 4).

To justify the choice of p = 80, which is quite adequate for this
application, Table 1 summarizes the identi� cation results obtained
with disturbance-corrupted data for p =30, 50, and 80 vs those
from a reference model identi� ed with disturbance-free data for
p =80. Consistent with the developed theory, as p increases the
disturbance-corrupted identi� cation results converge to those ob-
tained with disturbance-freedata. The effect is particularly remark-
able for the dampingratio estimates,which are commonlyknown be
very sensitive to noisy experimental data. Also, note that although
the identi� cation results improve with increasing p a wide range of
p can be selected without signi� cantly altering the results.

Feedforward Disturbance Rejection
The validityof the identi� cation result is furtherveri� ed by using

it to synthesize a feedforward control signal to cancel the distur-
bance effect. Figure 5 shows the system response to feedforward
control calculated by solving Eq. (35) recursively in real time us-

Fig. 5 Response of structure to feedforward control.

Fig. 6 Measurement corrupted by time-varying nonperiodic bias.

ing the disturbancefrequencyestimates just given and the identi� ed
model coef� cients. Once control is applied, the response quickly
decays to near zero. The source of the residual is primarily caused
by the randommotion transmittedto the truss structure from its base
attachment.

System Identi� cation in the Presence of a Time-Varying
Measurement Bias

System identi� cation in the presence of a simulated slowly time-
varyingnonperiodicmeasurementbias for the truss structure is pre-
sented here. Figure 6 shows the biased response to a random excita-
tion input similar to that already used. To separate the bias from the
system input-outputdynamics, a basis of 64 orthogonal wavelets is
constructed on an interval of 2048 data points (0.006-s sample pe-
riod). These wavelets absorb the effect of the measurement bias so
that the system input-outputdynamics is correctly identi� ed. This is
con� rmed by the close agreement between the identi� ed frequency
response function and that of the reference model just described,
indicating the identi� cation is successful and the time-varying bias
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Fig. 7 Frequency responses identi� ed with and without disturbance acting.

Fig. 8 Land-mobile communications satellite.

is essentially eliminated without inducing gain and phase errors
(Fig. 7).

Spacecraft System Identi� cation and Disturbance Rejection
Finally, a simulationstudy is performedto assess the feasibilityof

theapproachona modernspacecraftthathas two � exiblesolararrays
attached to a rigid central core and small rigid payload re� ectors
as graphically depicted in Fig. 8.17 The solar array is oriented so
that both the in-plane and out-of-planebending modes couple into
the transverse body axes. Both the torque actuator and angular rate
sensor are collocated on the spacecraft core. The dynamic model
includes both � exible appendages with a rigid core, the rigid body
controller to control the attitude dynamics, together with actuator
and sensor dynamics, and a 1-s computational delay.

An “unknown” 0.028 N-m sinusoidal disturbance torque is im-
parted to the spacecraft body. By design this disturbance frequency
coincides with a lightly damped system mode at 1.48 rad/s causing
a buildup in the angular rate during the � rst 500 s when disturbance-
corrupteddata are collectedfor identi� cation. During this period,an
excitationinput(standarddeviationof 0.0034N-m) is injectedalong
with the rigid body control signal into the actuator.Compared to the
disturbance, the excitation input has a minimal effect on the sys-
tem response. This is done intentionally so that the ability to carry
out system identi� cation with minimal interference to the space-

Fig. 9 Identi� ed and actual frequency responses.

Fig. 10 Spacecraft response with feedforward and feedback control.

craft system can be tested. The rate response is measured at 2 Hz
(measurement noise standard deviation of 0.001 deg/s), and along
with the excitation input data are used to perform system identi� -
cation with p =60. Although only two basis vectors are needed, 10
pairs of sines and cosines are used to con� rm that adding basis vec-
tors at harmonics not present in the disturbance does not affect the
identi� cation accuracy. Figure 9 compares the actual and identi� ed
input-output transfer functions where the primary � exible mode
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dynamics is accurately identi� ed. The identi� cation accuracy is re-
duced at low frequencies because of the limited data record length
and the minimal excitation input, both of which are intentionally
imposed here, and at higher frequencieswhere the excitation signal
transmission is weak.

Once the identi� cation is completed, the feedforward control is
calculated. Independently, using the identi� ed model, a predictive
feedbackcontrolleris designedto enhancethe systemdampingchar-
acteristics. The controller increases the damping of the lowest fre-
quency � exible mode by roughly a factor of 13, from 0.3 to 3.8%.
Both feedback and feedforward control are then applied simultane-
ously, and the system achieves steady state in about 125 s (Fig. 10),
indicating that the disturbance response is attenuated by roughly a
factor of 70.

Conclusions
In this paper we examine the problem of system identi� cation

in the presence of periodic or nonperiodic and possibly dominat-
ing disturbances.Available for identi� cation are the excitation sig-
nals at the control inputs and the resultant disturbance-corrupted
responses. We assume that no actual measurement of the distur-
bances themselves is available for identi� cation. Several scenarios
are investigated. If the actual pro� le of a periodic disturbance is
unknown and may be quite complicated, but its period is known or
can be determined, then the identi� cation and subsequent control
can be carried out without any need to resolve the disturbance into
its constitutive harmonic components. If the disturbance frequen-
cies are known only approximately,then an iterative scheme can be
employedto estimate the disturbancefrequencies.If the disturbance
is unknown and nonperiodic but can be modeled by a set of basis
functions such as orthogonal wavelets, then it is possible to use a
disturbance model consisting of these basis functions to separate
the effect of the unknown disturbances from the system dynam-
ics. The proposed procedure not only produces a disturbance-free
dynamicsmodel, but it also yields results suitablefor controlby pro-
viding predictive information about the effect of the disturbanceon
the system response. Various connectionsbetween the input-output
model, which is convenient for system identi� cation, and the state-
space model, which is convenient for modern control design, are
developed.The connection is convenientlydescribed in terms of an
observer or Kalman � lter gain from which useful insights into the
identi� cationproblemaregained.Both simulationand experimental
results are used to illustrate the approach.This paper focuseson the
notion of modeling the disturbance effect explicitly on the system
output and various ways to separate it from the system dynamics
without actually knowing the disturbance input itself. For periodic
disturbances the conditions under which the disturbance effect can
be modeled implicitly followed by its subsequent separation from
the system dynamics are investigated in a companion paper.11 A
thorough understanding of both the system identi� cation and con-
trol aspects of the problemas well as various ways of treating it will
be helpful in determining the most effective way to realize these
technologies in practice.
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